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In the course of a recent investigation by the author [1] it was noted that the number of 
complete mappings (transversals) of each of the non-cyclic groups of order 8 was 364. 
Furthermore, it was found that both of the non-abelian groups of order 8 possessed exactly 128 
near-complete mappings. These surprising results motivated an investigation into why this was 
the case. In the present paper we show why both of the non-abelian groups of order 8 possess 
the same number of complete and near-complete mappings. It is also shown why both of the 
non-cyclic abelian groups of order 8 possess the same number of complete mappings. 
In [1] we effectively carried out an enumeration of complete and near-complete 
mappings of all groups up to anc;l including order 13. (A complete mapping of a group 
is equivalent to a transversal in the Cayley table of the group.) A surprising result was 
noted concerning the four non-cyclic groups of order 8. Each of these groups was 
found to possess exactly the same number of complete mappings. Furthermore, the 
two non-abelian groups of order 8 were found to possess the same number of 
near-complete mappings. (It is well known that an abelian group cannot possess both 
complete and near-complete mappings, and so neither of the non-cyclic abelian groups 
of order 8 possess the latter.) These results motivated an investigation into why this 
was the case. 
In this paper we exhibit a natural bijection between the transversals of the Cayley 
tables of D4 and Q4 (the dihedral and quaternion groups of order 8) and between those 
of C2 x C4 and C2 x C2 X C2 • Furthermore, we show that a similar bijection exists 
between the near-complete mappings of D4 and Q4. For our discussion we shall require 
the following definitions and lemmas. 
DEFINITION 1. A transversal of the Cayley table of a group of order n is a set of n 
cells, one in each row, one in each column, such that no two of the cells contain the 
same symbol. 
DEFINITION 2. A one-to-one mapping 8 of a finite group (G, .) onto itself is said to 
be a complete mapping if the mapping cp, where cp(g) =g. 8(g), is again a one-to-one 
mapping of G onto itself. It is said to be in canonical form if 8(1) = 1, where 1 is the 
identity element of G. 
Johnson, Dulmage and Mendelsohn [6] called the mapping cp an orthomorphism of 
(G, .). 
LEMMA 1 (Paige [8]). A group (G, .) of order n possesses a complete mapping iff its 
Cayley table has a transversal. 
PROOF. Let 8 be a complete mapping of (G, .); then, in the Cayley table of (G, .), 
the cells defined by gl . 8(gl), g2· 8(g2), ... , gn . 8(gn) form a transversal. 
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Conversely, if the Cayley table of (G, .) has a transversal comprising the elements 
bI> b2, ... ,bn occupying the cells defined by gl . aI, g2 . a2, ... , gn . an, then the 
mapping (J such that (J(g;) = a; is a complete mapping of (G, .). 0 
DEFINmON 3. A one-to-one mapping (J of a finite group (G, .) which maps G\{gh} 
onto G\{gl} is said to be a near-complete mapping of (G, .) if the mapping q" where 
q,(g) =g. (J(g), is again a one-to-one mapping of G\{gh} onto G\{gl}. It is said to be 
in canonical form if gl = 1, where 1 is the identity element of G, in which case gh is 
called the ex-domain element of (J, and is usually denoted by 'fl. 
Hsu [4] has called the mapping q, a near orthomorphism of (G, .). 
Just as a complete mapping of a group (G, .) defines a transversal in the Cayley table 
of (G, .), a near-complete mapping of (G, .) defines a set of (n -1) cells in the Cayley 
table of (G, .) such that no two cells contain the same element; nor do they occur in 
the same row or column. Johnson [5] has called such a collection of cells an almost 
transversal of the Cayley table of (G, .). 
LEMMA 2. A complete (or near-complete) mapping of a group (G, .) of order n, in 
canonical form, defines n distinct complete (or near-complete) mappings of (G, .) and 
every complete (or near-complete) mapping of (G, .) can be defined in this way. 
PROOF. Let (J be a complete (or near-complete) mapping of (G, .), in canonical 
form: then (J;, where (J;(g) = g; . (J(g), is a complete (or near-complete) mapping of 
(G, .) 'Vg; E G. Furthermore, (J; = (Jj ~ g; = gj. Note that if gl = 1, then (Jl = (J. 
Conversely, for any given complete mapping (J' of (G, .) in which (J'(1) =gk we can 
construct a complete mapping (J such that (J(g) = g;1 . (J'(g), which is in canonical 
form. Similarly, for any given near-complete mapping (J in which the element gk has no 
preimage, we can construct a near-complete mapping (J such that (J(g) = g;1 . (J'(g), 
which is in canonical form. 0 
COROLLARY 1. The number of complete (or near-complete) mappings of a group 
(G, .) of order n is congruent to 0 modulo n. 
COROLLARY 2. The number of transversals of the Cayley table of a group (G, .) of 
order n is congruent to 0 modulo n. 
Corollary 2 is a restatement of a result by Belyavskaya and Russu [2] (reported in 
[3]) that the number of transversals in a latin square of order n, which satisfies the 
quadrangle criterion is congruent to 0 mod n. 
We now exhibit a natural bijection between the canonical form complete mappings 
of D4 and Q4. 
NOTATION: 
D4 = (a, b, c: a2 = b, b2 = c2 = 1, a . b = b . a, b . c = c· b, c . a = a . b . c), 
Q4 = (a, b, c: a2 = b = c2, b2 = 1, a °b = boa, b 0c = cob, coa = a °b oc), 
C2 x C2 x C2 = (a, b, c: a2= b2= c2= 1, a 0b = b 0a, a 0c = c 0a, b 0c =c0b), 
C2 x C4 = (a, b, c:a2= b2= 1, c2=b, a EBb = b EBa, a EBc =c EBa, b EBc=cEBb), 
A = {I, a, b, ab}, B = {c, ac, bc, abc}. 
Transversals 457 
Note that we have defined all of the group operations as acting on the same set of 
symbols, {1, a, b, ab, c, ac, bc, abc}. We shall use this to say, for example, that 
a . a = a ° a, by which we mean that a . a and a ° a are both represented by the same 
symbol, namely b. Using this convention, we observe that x . y = x ° y and x 0 y = 
x $ y, '<Ix, y unless {x, y} c:. B, in which case X· Y = boxoy and x 0 y = b $x $ y (or, 
equivalently, b . x . y = x ° y and b . x . y = x $ y). 
THEOREM 1. There exists a natural bijection between the complete mappings of D4 
and Q4. 
PROOF. Let Od be a complete mapping of D4 , in canonical form. Then: 
Od = (1 £1'z £1'3 £1'4 PI pz P3 P4) 
1 £1'6 P5 P6 £1'7 £1's P7 Ps' 
where {1, £1'z, £1'3, £1'4} == {1, £1'6, £1'7, £1's} ==A and {PI> pz, P3, P4} == {P5, P6, P7, Ps} == B. 
Furthermore, since Od is a complete mapping of D4, we have that <Pd(X) =x· Od(X) is 
a bijection of D4 • 
(Note that if 0 is a mapping with a different structure, e.g. 
Od = (1 £1'z £1'3 £1'4 PI pz P3 P4) 
1 £1'6 £1'7 P5 £1's P6 P7 Ps 
then x . O(x) is not a bijection on D4.) 
We now consider two cases: 
(1) If <Pd(P3) = b . <piP4), then Oq = Od is a canonical form complete mapping of Q4. 
This follows since <pq{x) = <Pd(X), '<IxeAU{PI,PZ}, <Pq{P3)=P30P7=b·P3·P7= 
b . <piP3) = <piP4) and, similarly, <Pq{P4) = <piP3)· Therefore <pq is a bijection of Q4 
since <Pd is a bijection of D4. 
(2) If <piP3) =#= b . <Pd(P4), then Oq, defined by Oq{x) = Oix), '<Ix eA U {PI> pz}, 
Oq{P3) = Ps, Oq(P4) = P7, is a canonical form complete mapping of Q4. Since 
Oq{x) = Od(X), '<Ix eA U {PI> pz} it is sufficient to show that 
{<Pq{P3), <Pq{P4)} == {<piP3), <piP4)}, where <Pq(P3) = P3 ° Ps and <Pq(P4) = P4 ° P7· Now 
P3 ° P7 = b . P3 . P7 = b . <piP3) =#= <piP4), and similarly P4 ° Ps =#= <piP3); hence 
{<piP3), <piP4)} ==A\{P3 °P7, P40 Ps}, but clearly {P30PS, P4 °P7} ==A\{P3° P7, P4 ° Ps} 
and so we must have that {P30ps,P40P7}=={<piP3),<Pd(P4)}. Thus <pq is a 
bijection on Q4. 
To complete the proof we observe that the above function from the canonical form 
complete mappings of D4 into those of Q4 is a bijection. 0 
A computer search shows that there are in fact 48 canonical form complete mappings 
for both D4 and Q4. Thus, by Lemma 2, there is a total of 364 complete mappings for 
each group and hence 364 transversals of the Cayley tables of each group. 
THEOREM 2. There exists a natural bijection between the complete mappings of 
Cz X C4 and Cz X Cz X Cz. 
PROOF. The proof is exactly analagous to that of Theorem 1, where for (D4 , .) and 
(Q4, 0) we substitute (Cz x Cz X Cz, 0) and (Cz X C4, $) respectively. 0 
A computer search shows that there are again 48 canonical form complete mappings 
of both Cz x Cz X Cz and Cz x C4 • This would seem to suggest that there might be a 
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further natural bijection between the complete mappings of D4 and Q4 and those of 
C2 x C2 X C2 and C2 x C4 , but such a bijection has yet to be found. 
Finally, we show that a similar natural bijection exists between the near-complete 
mappings of D4 and Q4' We shall need the following two lemmas. 
LEMMA 4 (Paige [8]). If (G, .) is a group of order n which has a complete mapping, 
then there exists an ordering, aI, a2, ... , an of G, such that ala2 ... an = 1. 
LEMMA 5 (Keedwell [7]). If TJ is the ex-domain element of a near-complete mapping 
() of a group (G, .), then there exists an ordering, aI, a2, . . . ,an of G, such that 
ala2 ' .. an = TJ· 
THEOREM 3. There exists a natural bijection between the near-complete mappings of 
D4 and Q4' 
PROOF. Since both D4 and Q4 possess complete mappings and, in each group, 
G' = {I, b} we must have , by Lemmas 4 and 5, that, in any canonical form 
near-complete mapping () of D4 or Q4, TJ = b. Therefore, 
a2 {32 
{3s as 
where {I, a2, a3} ==A\{b}; {as, a7, as} ==A\{I} and {{31> {32' {33, {34} == 
{{3s, {36, {37' {3s} == B. With the notation so chosen we can now establish a bijection 
between the canonical form near-complete mappings of D4 and Q4 similar to that 
which exists between the canonical form complete mappings. 0 
A computer search shows that there are in fact 16 canonical form near-complete 
mappings for both D4 and Q4' 
ACKNOWLEDGEMENT 
The author is most grateful to A. D. Keedwell for helpful suggestions and comments 
made in the preparation of this paper. 
REFERENCES 
1. D. Bedford, Construction of orthogonal latin squares using left neofields, Discr. Math., to appear. 
2. G. B. Belyavskaya and A . F. Russu, On the admissibility of quasigroups, Mat. Issled., 10 (1) (35) (1975), 
45-57 (in Russian). 
3. J . Denes and A. D. Keedwell, Latin Squares and their Applications, Akademiai Kiad6, Budapest/English 
Universities Press, London/Academic Press, New York, 1974. 
4. D . F. Hsu, Orthomorphisms and near orthomorphisms, in: Research Trends in Graph Theory and its 
Applications: Proceedings of the 6th International Conference on the Theory and Applications of Graphs, 
John Wiley, New York, 1990. 
5. C. P. Johnson, Construction of neofields and right neofields, Ph.D . Thesis, Emory University, 1981. 
6. D. M. Johnson, A. L. Dulmage and N. S. Mendelsohn, Orthomorphisms of groups and orthogonal latin 
squares, I, Can. J. Math. , 13 (1961) , 356-372. 
7. A. D . Keedwell, The existence of pathological left neofields, Ars Combin., 168 (1983), 161-170. 
8. L. J. Paige, Complete mappings of finite groups, Pac. J. Math., 1 (1951), 111-116. 
Received 5 April 1991 and accepted 4 July 1991 
DA VlD BEDFORD 
DeJHl~nt of Malhematics, 
University of Essex· 
• Research carried out at Department of Mathematical and Computing ScieDl;eS, University of Surrey. 
